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Abstract. We relate previously defined quantum characteristic classes to 
Morse theoretic aspects of the Hofer length functional on nHam(M, a;). As an 
application we prove a theorem which can be interpreted as stating that this 
functional behaves "virtually" as a perfect Morse-Bott functional with a flow. 
This can be applied to study topology and Hofer geometry of Ham(J\/, cj). 
We also use this to give a prediction for the index of some geodesies for this 
functional, which was recently partially verified by Yael Karshon and Jennifer 
Slimowitz. 
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1. Introduction 

Hamiltonian fibrations over Riemann surfaces form a rich object from the point 
of view of Gromov Witten theory, as the properties of holomorphic sections of 
such fibrations can be closely tied with the underlying geometry of the fibration. 
Here by geometry we may mean a number of things like curvature properties of 
Hamiltonian connections, geometry of the coupling forms in the sense of [3], as well 
as the associated quantities like Gromov's K-aiea,, (cf. [12]) and the related notion 
of area of a Hamiltonian fibration. 

Gromov Witten theory of Hamiltonian fibrations M ^ X ^ S fits into a 
certain 2c? Hamiltonian cohomological field theory, or even more generally into a 
string background [15 , considerably extending Gromov Witten theory of (Af, w). 
In this paper we will be concerned with a fairly small, but geometrically still rich 
part of this theory by restricting to genus 0, one input one output part of the 
data of field theory. With some further restrictions, the data one gets is a ring 
homomorphism defined in |16] : 

^ : i?,(f7Ham(M,w),Q) ^ QH{M). 

Geometry of Hamiltonian fibrations over S'^ can be tied with Hofer geometry of 
loops in Ham(M, uj), and we are going to relate 5* to a kind of virtual Morse theory 
of the positive Hofer length functional, L'^ : riHam(M, R, (see (12.21) V 

1.1. Morse theory on riHam(A/, and ^P. Let h : B riHam(A//, cj) be a 
smooth cycle, where i? is a closed oriented smooth manifold. Let 

(1.1) Ph = B X M X DlljB X M X Dl,/ ^, 

where {b, x, 1, d)o ^ {b, hi, g{x), 1, 9)^, using the polar coordinates (r, 2tt9). We get 
a bundle 

p:Ph^ B, 
1 



2 



YASHA SAVELYEV 



with fiber modelled by a Hamiltonian fibration M ^ X ^ S"^. A Hamiltonian con- 
nection or equivalently, a coupling form (see [9l Theorem 6.21]) on the Hamiltonian 
bundle 



induces a family of complex structures {X^ — p^^{b), Ji,}. The map vj/ is defined 
by counting fiber-wise (i.e. vertical) holomorphic curves in p : P/j — > _B, with some 
constraints. The details are given in Section [5] 

Let 7 : S'l -J> Ham(M, u) be a one parameter subgroup, which is always assumed 
in this paper to be generated by a Morse Hamiltonian H. The loop 7 is a smooth 
point of the functional and is critical, see Ustilovsky 117 . Our focus will be 
on smooth cycles h : B ^ nHam(M, lo) that resemble unstable manifolds for the 
functional of 7, in the sense below. 

Definition 1.1. We say that a smooth map h : B ^ ilHam{M,uj) is Morse at 7, 
if the pullhack of to B attains its maximum at a unique point max € B such 
that is Morse at max and h{max) ~ 7. 

To make use of this structure we construct a coupling form on Ph naturally 
adapted to the above properties of h. As a consequence, for the induced family { J^'} 
of complex structures on Ph all vertical holomorphic curves in Ph of "maximum 
allowed c-energy" (Definition 13. 3p localize over max and in fact correspond to a 
single, distinguished flat section CTmax of the fiber X^ax- 

One would then like that this curve is persistent and contributes to the invariant 
^. However, without further restriction on {h, B) this is not true as one can see from 
simple heuristic intuition: the map h : B ^ i7Ham(A/, a;) which by assumption is 
Morse at 7 can be homotoped below the energy level £+(7), unless its dimension 
is that of the unstable manifold of 7 for the functional , (provided one can make 
sense of such an unstable manifold). Once this happens, the part of the invariant ^' 
corresponding to curves of the same class as (Tmax has to vanish. (This is explained 
in the proof of Theorem II. 5p . There is a more formal obstruction: dimension 
of B has to be the dimension of the cokernel of the linearized Cauchy-Riemann 
operator corresponding to the pair (cTmax, A^max), for otherwise the index of the 
overall problem is not zero and our moduli space does not even have the expected 
dimension. 

The index of the above Cauchy-Riemann operator will be denoted by (7) 
and we call this the virtual index ofj. Indeed, the name arises from intuition that 
the above necessary conditions are the same and this is verified by Theorem 11.51 
below. We show in [16, Section 5.1]: 



where ki are the weights of the linearized action of 7 on T^^^^M^ the tangent 
space to the maximum: Xmax, of the generating function H of 7. This is a single 
point since H is Morse and the level sets of H must be connected by the Atiyah- 
Guillemin-Sternberg convexity theorem. To define these weights one takes an 
equivariant orientation preserving identification of T^^^^ with C", which splits into 
7 invariant 1 complex dimensional subspaces N^^ , on which 7 is acting by 



(1.2) 



Ph^ B X 



(1.3) 




l<i<n 
fei<-l 



(1.4) 



2-iTikie 



V. 
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These ki are then defined to be the weights of the circle action 7. Our conventions 
are 

(1.5) Lj{XHr)^~dH{-) 

(1.6) cj(-,J-)>0. 

With these conventions the above weights are negative. Let ^"''(7) denote the 
positive Hofer length of 7, see Section [2.1l The following is our main main technical 
result proved in in Section [S] 

Theorem 1.2. Let h : ^ Q.Ham{M,uj) be Morse at 7 and such that /"*''*(7) ~ 



dim_B-y, then 



(1.7) QT^'^{h)^[±pt]-e'^*'^^^ + corrections gQH{M). 

In ,16. we also studied what we called the max length measure oi h : B ^ 
r2Ham(M, cu) which is defined by 

(1.8) L+{h) =ma^L+{h{b)). 

Corollary 1.3. Let h : B-y — )■ D,Ham{M,uj) be as in Theorem \1.2l then the cycle h : 
B-y flHam{M, lo) does not vanish in rational homology and moreover minimizes 
the max length measure in its homology class. 

When 7 is generated by a Morse Hamiltonian iJ, 7 is a smooth point of L+ by 
Ustilovsky's work [17\ and we can make the following definition. 

Definition 1.4. Let ^ be a one parameter subgroup of Ham{M,uj), where {AI,uj) 
is any closed symplectic manifold. We define the Hofer index ^^(7) to be the 
maximal dimensional subspace of T~fVtHam{M,uj) on which the Hessian of L^ is 
negative definite. 

Of course the above index can apriori be infinite. On the other hand we have: 

Theorem 1.5. Let h : B^ ^ ilHam{M,uj) be as in Theorem \1.2\ then 

7^(7) = r*'-*(7) =dimB^. 

Conjecture 1.6. Let ^ be a Hamiltonian circle action on {M,uj) generated by a 
Morse Hamiltonian, then 

(1.9) ^ /-*(7). 

Yael Karshon and Jennifer Slimowitz [5] have recently verified that 1^(7) > 
jvtrt^^y Xhey explicitly construct a local family deforming 7 of dimension (7), 
so that the Hessian of L+ on the tangent space to this family is negative definite. 
Following a suggestion of Leonid Polterovich I know expect to be able to prove this 
conjecture, using classical calculus of variations and Duistermaat's theorem relating 
Morse index and Maslov index, [5]. 

1.2. Hofer functional and "virtual Morse theory". Given the conjecture 
above, Corollary 11.31 can be restated with Morse index of 7 replacing virtual in- 
dex of 7. However, this now raises an observation. Since the Morse indexes are 
even, the first part of the statement of the corollary would hold automatically if 
Hofer length functional had well behaved negative gradient flow and an associated 
Morse-Bott complex computing homology of r2Ham(M, oj). Nothing like this could 
remotely be true directly as the Hofer length functional is extremely degenerate and 
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poorly behaved analytically. Yet from the point of view of Corollary II .31 something 
like this happens virtually. 

1.3. Generalizations to path spaces. All of the results outlined in this section 
have appropriate generalizations to path spaces. For example Theorem 11.21 can 
be stated for cycles in path space i^0i,02 Morse at 7, where 7 is an autonomous 
geodesic (generated by Morse H) between non-conjugate (f>i,(p2 G Ham(M, ui). Here 
non-conjugate is in Hofer geometry sense, which amounts to the condition that the 
linearized flow at the maximizer of H has no periodic orbits with period less than 
1. In this case one must use Floer homology instead of quantum homology, and the 
role of fibrations M ^ Xi, ^ is played by fibrations 

with asymptotic (r 1— )> ±00, with r, 9 coordinates on R x S*^) boundary monodromy 
maps 4)1,(1)2, but otherwise the statements and proofs are completely analogous. 
It is even likely that one can extend from autonomous geodesies to any geodesies 
of the Hofer length functional, (which are generated by quasi-autonomous time 
dependent Hamiltonians, see [17] and [8]). However in this case the proofs may 
need to slightly change, since we give up some symmetry. 

1.4. A special case: ilHam(G/r). Consider the Hamiltonian action of G on 
G/T. In Section H we relate the "Morse theory" for the functional L+ : flG ^ R 
pulled back from r2Ham(G/T) and the energy functional E : ilG — > M induced 
by a bi-invariant metric on G. The latter functional is amazingly well behaved. 
It is Morse-Bott, the "smooth" negative gradient flow (i.e. energy flow) exists for 
all time and the unstable manifolds of critical level sets are complex submanifolds. 
(These appear to be rather deep facts of life, see [l^ and or [T3].) 

Let / : riG ilHam(G/T) be the map induced by the Hamiltonian action. The 
first theorem follows from Corollaries 14.21 11.31 

Theorem 1.7. Let G be a semi simple Lie group, 7 an subgroup of G whose 
centralizer is the torus, and h : G the pseudocycle corresponding to the 

unstable manifold of 7 in VIG for the Riemannian energy functional. Then the 
pseudocycle foh : B-y — >■ VLHam(G /T) is non-vanishing in HdimB^i^Ham(G/T),<Q) 
and moreover it minimizes the max-length measure in its homology class, (see eq. 

Theorem 11.51 together with Corollarv 14.21 gives: 

Theorem 1.8. Let -f be as in the above theorem, then I^{foj) is the Riemannian 
index ofj, i.e. the index of the geodesic j as a critical point of the Riemannian 
energy functional on D,G. 

Alexander Givental asked me the following natural question: 

Question 1.9. Does the first part of Theorem ] 1.7\ remain true if D,Ham{G/T) is 
replaced with nBiS{G/T)? 

My feeling is that the answer is no, however not much is known about topology 
of diffeomorphism groups of higher dimensional manifolds. 



VIRTUAL MORSE THEORY ON r!Ham(M, 



5 



Acknowledgements. This is part of the author's doctoral research at Stony Brook 
university. I would like to thank my advisor Dusa McDuff and Aleksey Zinger for 
numerous suggestions and discussions. Aleksey Zinger in particular for noticing a 
serious issue in an earlier version of the manuscript. As well as Michael Entov and 
Yael Karshon for helping me out with some properties of normalized Hamiltonian 
functions. 

2. Preliminaries and the map ^ 

2.1. The group of Hamiltonian symplectomorphisms and Hofer metric. 

Given a smooth function iJf : A/ R, < t < 1, there is an associated time 
dependent Hamiltonian vector field Xt, < t < 1, defined by 

(2.1) uiXt,-) = -dHti-). 

The vector field Xt generates a path 7t, < t < 1, in Diff(Ai", w). Given such a 
path 7t , its end point 71 is called a Hamiltonian symplectomorphism. The space of 
Hamiltonian symplectomorphisms forms a group, denoted by Ham(Af, oj). 

In particular the path 74 above lies in Ham(M, w). It is well-known that any 
smooth path {74} in Ham(M, w) with 70 = id arises in this way (is generated by 
Ht : M — R). Given such a path {7f}, the Hofer length, L{^t) is defined by 

L{jt) := / max(iJ7) - mm{H^)dt, 
Jo 

where is a generating function for the path j^^jt, < t < 1. The Hofer distance 
p{(j), tjj) is defined by taking the infimum of the Hofer length of paths from (f> to ip. 
It is a deep theorem that the resulting metric is non-degenerate, (cf. [HIT]). This 
gives Ham(M, lu) the structure of a Finsler manifold. We will be more concerned 
with a related measure of the path, 

(2.2) i+(70:= rmax(i?7), 

Jo 

where is in addition normalized by the condition 

/ i/^' = 0. 
Jm 

2.2. Quantum Homology. For a monotone symplectic manifold (M, cj) we set 

QH{M) — H^,{M,C). For us this is an ungraded vector space with a special 
product called quantum product. For integral generators a, 6 G H^(M), this is the 
product defined by 

(2.3) a*b= ^Ae-'"(^', 

A<£H2{M) 

where is the homology class of the evaluation pseudocycle from the pointed 
moduli space of J-holomorphic A-curves intersecting generic pseudocycles repre- 
senting a, b, for a generic w tamed J. This sum is finite in the monotone case: 
u> = kci{TM), with A; > 0. The product is then extended to QH{M) by linearity. 
For more technical details see [lOj . 
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2.3. Quantum characteristic classes. Here, we give a brief overview of the con- 
struction of the map 

* : iJ,(nHam(A/,w),Q) ^ QH{M), 

originahy defined in [16] and which is a natural generalization of Seidel repre- 
sentation. Let h : B ^ r2Ham(Af, w) be a smooth cycle (the associated map 
h : B X Ham(A/, w) is smooth), where i? is a closed oriented smooth mani- 

fold, and let p : Ph ^ B he as in equation (jl.ip . 

Fix a family {jb.z} of almost complex structures on 

M ^ Ph^ B X S^, 

fiberwise compatible with w. Given a smooth family {^b}. At is a Hamiltonian 
connection on Xf, = p~^{p) we have an induced family of complex structures {Jj^} 
defined as follows. 

• The natural map tt : {Xi,, J^) — J> {S^,j) is holomorphic for each b. 

• Jj^ preserves the horizontal subbundle Hor-j^ of TXb induced by A. 

• Jj^ preserves the vertical tangent bundle oi M ^ Ph ^ BxS^ and restricts 
to the family {jb,z}- 

Definition 2.1. A family { Jb} is called 7r-compatible if it is {J^} for some 
connection A as above. 

The importance of this condition is that it forces bubbling to happen in the fibers 
of M ^ Xb — s> S*^, where it is controlled by monotonicity of Af, w. 

Remark 2.2. For the most part we work with a fixed symplectic manifold {M,uj), 
which we will assume to be monotone. Also, for the purpose of the following defi- 
nition the family {jb.z} 'is fixed. However, it will be helpful in Section^ to vary the 
families {jb,z}, Wb.z} on M ^ P;,, — > _B x 5^, so long as each fiber {Mb^z,^b,z, jb,z) 
is Fano, i.e. ci{TM) is positive on jb,z holomorphic curves. This will be done not 
for any compactness or regularity reasons, but for other geometric reasons. This 
will vary the notion of a n-compatible family {Jb}, but not the map 5* below. 

The map ^' we now define measures part of the degree of quantum self intersec- 
tion of a natural submanifold B x M a Pf. The entire quantum self intersection 
is captured by the total quantum class of Pf, discussed in [16]. We define ^E* as 
follows: 

(2.4) ^i[BJ])= bA-e-^^'^^l 

Aej.(H|"'(x)) 

Here, 

• i7|'^^*(X) denotes the section homology classes of X. 

• C is the coupling class of Hamiltonian fibration M ^ Pf ^ B x , see jS] 
Section 3]. Its restriction to the fibers X C Pf is uniquely determined by 
the condition 

(2.5) z*(C) = M, / ^OeH^S^). 

Jm 

where i : M ~^ X is the inclusion of fiber map, and the integral above 
denotes the integration along the fiber map for the fibration tt : X S^. 

• The map : iJ|'^'^*(X) — >■ H2{Pf) is induced by inclusion of fiber. 
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The coefficient bA G i/*(M) is defined by duality: 



bx -M c = evQ -BxM [B] 



c, 



where 

evo : Mo{Ph, A, { J^}) B x M 
evo{u,b) = (^(O),^) 
denotes the evahiation map from the space 
(2.6) MiPf,A,{Jb}) 

of pairs (u, 6), u is a Jf,-holomorphic section of Xf, in class A and -m, 'Bxm 
denote the intersection pairings. 
• The family {Jf,} is 7r-compatible in the sense above. 

3. HOFER GEOMETRY AND ^ 

We now show how to construct a 7r-compatible family {J^'} on Ph naturally 
adapted to Hofer geometry of the map h : B ^ f2Ham(Af, oj). This family is 
induced from a family of Hamiltonian connections {^f,,X(,}, which are in turn 
induced by a family of certain closed forms {i^^ }' "which we now describe. 

The construction of this family mirrors the construction in Section 3.2 of |16) . 
First we define a family of forms {f^^} on B x M x Z?^. 

(3.1) ^l^i\o2^{x,r,e) -d{rj{r)H^{x)) Ade 

Here, Hg is the generating Hamiltonian for h{b), normalized so that 

H'gu- = 0, 

IM 

for all 8 and the function 77 : [0, 1] — s> [0, 1] is a smooth function satisfying 

< ry'(r), 



and 

r]{r) = 



1 if 1 - (5 < r < 1, 
if r < 1 - 26, 



for a small 6 > 0. 

Note that under the gluing relation ~, {x, 1, 9)o M> {h{b, 9)x, 1, 6),^. Thus, ^ M- 
-^H^ ~^ '""^ ^^'^ moreover ^ — We leave it to the reader to 

check that the gluing relation ~ pulls back the form ri^|£)2^ to the form oj on the 
boundary M x ODq, which we may then extend to u on the whole of M x Dq. Let 
{17^} denote the resulting family on Xi,. The forms fi^ on Xf, restrict to uj on the 
fibers M and the 2-form /^(^^h )"^^ vanishes on S^. Such forms are called coupling 
forms, which is a notion due to Guillemin Lerman and Sternberg The form fl^ 
induces a connection on Xi,, by declaring horizontal subspaces to be those which 
are fi^-orthogonal to the vertical tangent spaces of tt : — > 5^ . 

Remark 3.1. The induced connection is Hamiltonian and moreover every Hamil- 
tonian connection on X^ is induced by a unique coupling form in above sense, see 
[21 Theorem 6.21]. 
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We denote by { J^'} the induced family of complex structures. An important 
property of the family { J^} is that it is almost compatible with the family {£7^, Xf,} 
defined by 

(3.2) = + im^xHl{x))dr^Ade, 0,^1^. = 

Where, almost compatible means that ri^(w, J^) > 0, f G TXf, and this inequality 
is strict for v G T'«='^*X6. 

By the characterization of the class C in (|2.5p : 

(3.3) P'i]^nc). 

Thus, 

(3.4) [n'i]=r{C) + [n*{a,)], 

where j : Xb — > Ph is the inclusion map, and at is an area form on S'^ with 



(3.5) L+ihib))= / ab. 

Lemma 3.2. Let {ri^'} and {J^*} &e as above, then we have the property that a 
vertical jj^ -holomorphic section u in the fiber Xj, C Ph gives a lower bound 

(3.6) -Ci[u]) < L+{h{b). 

Proof. Let u : ^ X^ C Ph he a holomorphic section, then 

(3.7) < n'iiiu]). 



This follows from the almost compatible condition on il^ and j/*, from the fact 



that w is a holomorphic map and by the fact that is 7r-compatible. Combining 
((37)) with dSH), ([33]) we get: 

< / r!^ = c(M) + 7:+(/i(6)). 

□ 

Definition 3.3. the quantity —C{[u]) is so important for us, we give it a name: 
c-energy of u, or the coupling energy ofu. 

Note that there are no fiber holomorphic curves in Ph in class A with c-energy(^) > 
Huia.x, the maximum of the generating function H of 7. This follows from the 
assumption that the puUback of the functional to attains its unique maxi- 
mum at max, L+(/i(max)) = ^^(7) — -ffmax and from the energy inequality (j3.6l) . 
On the other hand there is a special class A^^ax £ H2{X^) C H2{Ph) for which 
c-energy (A„iax) = -f^max- We now describe this. 

Let Xmax denote the unique max of H, (cf. the discussion preceding Theorem 
II. 2p . There is a corresponding ilj'jjj^^-horizontal and thus holomorphic section cr-x^^^^ 

of TT : Xmax S'^ 

z)o,oo C M X Dl^^ C Xinax for z G Dl^^. 

By (|3.ip . p.3p c- energy ([ctk^,^^]) — iJmax- Moreover, there are no other holo- 
morphic sections u in Xmax with c-energy([u]) — iJmax- This observation is due to 
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Seidel. For suppose otherwise, then by the proof of Lemma [3^2] we must have that 
/„ ^^max = 0, and so 

(3.9) = uj - T]{r)dH A d9 ~ Hdi] A d9 + {sup H{x))dr] A d9. 

Note that u is necessarily horizontal, for otherwise ^^max > (by the almost 
compatible property of ^'^^^ and J^^x ^'^d 7r-compatible property of J^ax)- Hence 
the form lo — rj{r)dH AdO must vanish on u, as the horizontal subspaces are spanned 
by vectors -^ + rj{r)XH ■ Thus, p.9p can only happen if u is o'x.-a^^- In particular, 
the space A1o(-'^max, >/,naxJ ^max) of Unmarked holomorphic sections in Xmax in 
homology class A^ax = [cmax] is identified with the point a^max- We will also 
denote by A^ax the class j*(Aniax) G H2{Ph), where j : X — > P/j is the inclusion of 
fiber map. 

Proposition 3.4. Let h : — > ilHam{M,uj) be a smooth oriented cycle and {^'^} 
as above. Suppose that the pullback by h of the function to attains its maxi- 
mum at the unique point max G B , such that ft,(max) — 7 then Aio{Ph, ^max, {Jb}) 
lies over max and is identified with a;inax- 

Proof. The energy inequality (j3.6p shows that any holomorphic curve in P^ with 
c-energy i/max must lie in the fiber X^ax- Consequently, by the discussion preceding 
the proposition, 

■^oiPh, i_Jb} T Amax) — A^o(^maxj t^maxi ^max) — a^max- 

□ 

3.1. Proof of Theorem II. 2i One example of Theorem 11.21 that the reader may 
keep in mind comes from the Hamiltonian action on S^. Take 7 to be a one 
parameter subgroup of S^, which is a great geodesic going around once. The 
subgroup 7 then acts on 5^ by rotating it twice. The induced loop /07 c r2Ham(S'^) 
is a critical point of , and this loop has a two parameter family of shortenings. 
More specifically, the unstable manifold B~^ of 7 in ftS^ (for the Riemannian energy 
functional) is two dimensional (by the Riemannian index theorem), and the pullback 
of the positive Hofer length functional to Bj is Morse at its maximum max C B^. 
Why all this is the case will be explained in the next section. 

Proof. It will be helpful to work with a special subset of 7r-compatible families {Jb}- 
Let Cb denote the space of coupling forms on Xb, (see Remark l3.ip which restrict 
to ui over M x Dq in the notation of ()1.1|) . A general element 57 e Cb is determined 
by a pair of families of functions G^'^^ F'^''^ : M ^ R, 

n\D2^ = ^blol^ +d{G'^'^de) +d{F'^''^dr]), 

where 57^' 1^)2 is defined in (|3.1I) and ry is defined in the discussion following p.ip . 
We set Cb C Cb to be the subspace of those forms for which 

G"'*' = 7? • G^ for some Ce and — F"''' = 0. 

do 

We also set C to be the space of families {ilb} on Ph, with each ilb G Cb- We have 
a function 



(3.10) 



area : Gf, ^ M, 
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(3.11) area(r2) = inf{ / a |il + n*{a) is symplectic}. 

Let {ri^} be as in Lemma [531 and sufficiently C°°-close to {1^^}, then {f^J,} has the 
property that the function 

(3.12) b ^ area(f2't,) 

on By attains its maximum at the unique point max G and this function is 
Morse at max. This readily follows from the assumption that the pullback of to 
Bj is Morse at max, and by Lemma [3.51 below. Let {J^} be the family induced by 

{rj'f,}, then by the proof of Proposition l3.4I A4n(Pf.' , A^^x, {Jf,}) — ^max = max and 
this moduli space is regular by construction. We thus verified the leading term of 
\l/(/i) up to sign, which depends on the orientation of the cycle Bj. The corrections 
are in lower c-energy classes A, and consequently give rise to higher dimensional 
moduli spaces via the dimension formula 

(3.13) 2n + dim B-y+ < 2ci{T"'"'^ X), A >, 

and therefore are linearly independent of the leading term, (if they contribute). □ 

Lemma 3.5. The coupling form f^j'^j^x ^ smooth point of the area functional on 
Cmax a^^c? is critical. 

Variation fi'* in Cmax induces a variation of the boundary monodromy maps 7^ : 
[0, 1] Ham(A/, a;) induced by ^^\d^ , which are necessarily loops in Ham(Af, w), 
since ^'^Ijj^ — uj. By the properties of coupling forms in Cmax: tbe statement of 
the lemma is equivalent to 7 being a smooth critical point for the functional on 
r2Ham(Af, cj). We leave the details to the reader. 

Lemma 3.6. Let h : B^ ^lHam{M,ui) be as in Theorem ] Then there is a 
family {r^J,} G C on Ph arbitrarily C°°-close to {^l'^}, with il^ax — ^max; such that 
the induced family {Jl,} is regular for Aj^i^^-class curves. 

Proof. Denote by B the space of pairs (u, b), u e Bb, with Bb denoting the space of 
holomorphic sections of Xb ■ We have a bundle 

S^B, 

whose fiber over (m, b) is 51°' ^(5^, (w, b)*TXb), and the section we call JTfi, 

^h{ub) = djh{u). 
By the assumption that h is Morse at 7, and Proposition 13.41 

Xo(^/.,Anax,{Jb'}) 

is a zero dimensional manifold consisting of a single point Wmax, which corresponds 
to the section (TK,„ax of X^ax C Ph. By assumption we have that 7^*''* (7) = dimS-y, 
where (7) is the cokernel of the vertical differential 

And so zero is the expected dimension of M.o{Ph, ^max, {Jb})- Therefore, if we can 
perturb (abstractly) the section fixing it over Smax C S, so that the correspond- 
ing vertical differential at Mmax bas no kernel, then the perturbed section would be 
necessarily transverse to the 0-section at Umax- (The corresponding differential 
would necessarily be Fredholm of index zero.) 
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More specifically, we need a smooth vertical (tangent to the fibers £ ^ B) 
vector field V along J-h having the properties that it vanishes over Smax, and so 
that J-fi exponentiated along V, 

exp^iJ^h)-B^£ 

is transverse to the 0-section for all sufficiently small time t. This is just a matter 
of differential topology. The assumption that V vanishes over Smax can be accom- 
modated due to the fact that the vertical differential DJ^h restricted to T„^^_^^Sinax 
has no kernel. Which in turn follows from the fact that the vertical normal bundle 
to Umax in ^max IS holomorphic and all its Chern numbers are negative. (Indeed 
this is another instance where the Morse condition on H is crucial.) 

We may also assume that V vanishes outside a neighborhood Bu„,^^ of the curve 
Umax in B, with all maps in Bjj^^^ lying over [/max a contractible neighborhood of 
max in Smax- Trivializing over C/max we have Bu^-^.^^ = ^max x C/max, where 

^max — C'°°(>S'^, ^max)- 

We now show that the perturbation V can be realized by perturbing the family 
{ri^} and hence the induced family { J^}. Let 

£ ^ (^max X [/max) ^ ^max — C 

be the fibration whose fiber over (u,6,n) is f]y(S'2,'a*TXmax) the space of j, J- 
anti-linear one forms, where J is induced by Let 

F:C^£ 

be the map 

T{u,h,n) = dj{u) 

Denote by T^'^^^Q the vertical tangent bundle of pr : C Smax x [^max- The 
vertical differential 

is a family of maps 

(3.14) DTiu,b,n) : T^C^,^ -> n"/ {S^ ,u*TX^,^). 

By the proof of Theorem 8.3.1 and Remark 3.2.3 in [TU], p.l4p is onto for every u, 
n. (One must of course work with the appropriate Sobolev completions for this.) 

Let S : C/max C be the map S{b) = (umax, b, f2^), induced by the family {^^} 
on Pii over C/max- And let 

A = DJ'-\V) C T'"='^*C 

Since (|3.14|) is onto for every u, 17, A\s fibers over S. Let W be any section, which we 
may think of as an infinitesimal perturbation of the family {12^} for b £ C/max- This 
perturbation extends by vanishing perturbation outside C/max- The infinitesimal 
perturbation W is the one we were looking for and so we are done. □ 

3.2. Proof of Corollary 11.31 The first part is immediate. To prove the second 
part note that h : By — >■ f2Ham(A'/, w) has max length measure -ffmax- On the 
other hand if the max length measure of the map h could be reduced below H^i^^ 
by moving it in its homology class to say h' : B ^ ilHam(M, w), then this would 
destroy the contribution to "^{h) = "^(h!) in the c-energy i/max, because by Corol- 
lary [321 there would simply be no vertical {J^ }-holomorphic curves in Ph' with 
c-energy = i/max, this is a contradiction. □ 
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3.3. Proof of Theorem 11.51 We clearly have /^(7) > dim_B^. Suppose 1^(7) > 
dim B~f = TO, then there a subspace N C Tjillla.m{M , u) such that N D ht,Tma,^Bj, 
dim N ~ dim + 1 and such that the Hessian of is negative definite on N. We 
homotop the map /i to a map h' so that L^{h'{h)) < ^^(7) for all h G i?^, which 
kills the contribution to '^{h) in the energy i/max by the proof of 11.31 This will 
conclude the proof 

Let <f> : Z?™ — > be a chart containing max. We may homotop /i to a map 
h with the same image as h, with h being the constant map to 7 on (^(13'"). Let 
p : Z?™ — > — be an embedding so that 

is a degree one map, where the unit sphere S*™ is determined by the trivialization 
cj). Under the identification given by (j) extend p to any smooth map 

p: B^^ raHam(M,w). 

Now move h along p by exponentiating for a sufficiently small time, then the expo- 
nentiated map h' will have the required property. □ 

4. Morse theory on nilAM{G /T) and flG. 

Let M = G/T, where T is its maximal torus. There a symplectic structure on 
G/T, inherited from that of T*G by symplectic reduction of the natural G action 
on T*G, {G/T is the generic leaf of the symplectic reduction.) The leaves of the 
the symplectic reduction of T*G and hence G/T can be identified with orbits of 
the coadjoint action of G on g*, where g is the Lie algebra of G. The symplectic 
structure is then induced from a natural 2 form on q* called the Kirillov form, (see 

Let G be semisimple and Opg a coadjoint orbit of po G g* by G. Then G acts 
on Opg by <^g(p) = Ad*_i{p). With the infinitesimal action X^{p) = —ad*{p) for 
r] £ g. The generating function is defined by Hri{p) = p(^) and it is normalized, as 
the map 

/ H,,ip) = [ p{rj) 

defines an element of g* , which is clearly invariant under the coadjoint action of G 
and so must be (since g has no center) Q 

Suppose now — ^|o7 G 3, where 7 is a one parameter subgroup and let 
denote the coadjoint orbit of the covector < j^^, • >. In this case the maximum 

of the generating function iJ^ on is < yil^if >= IICII- Moreover, we get an 
inequality relating positive Hofer norm with Riemmanian norm, 

(4.1) llryir < ||r/||, 

for any 77, where 

[Irill^ = maxiJj). 

05 ' 

In this discussion the symplectic manifold depends on f . If we make an addi- 
tional assumption, that the subgroup of G fixing < ^, • >, under the coadjoint action 
is T, then we can identify ~ {G/T, u^). Moreover, this condition is generic in g*, 
from which it follows that the symplectic forms uj^ are deformation equivalent. Also 
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would like to thank Yael Karshon for suggesting this argument. 
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(G/T, w^, j^), are Fano for an integrable complex structure depending smoothly 
on uj^. Therefore, we may regard as simply G/T for our purposes of quantum 
homology and the map (cf. Remark [" 



4.1. Morse theory on flG. Let h : Q.G be the pseudocycle corresponding 

to the unstable manifold of 7 for the energy flow on fiC. (See the discussion in 
Section [L4l It is necessarily a pseudocycle, since all the indexes of critical points 
of E are even.) As before we denote by max G B.y the point /i(max) = 7. 

Theorem 4.1. Let G be a semi simple compact Lie group, then the positive Hofer 
length functional : B-y — >■ R (its pullback from VLHam{0^)) is Morse at max. 
Moreover, if the centralizer of ^ is the torus then the indexes I"^''* if (j)) (cf. eq. 
(|1.3[) ) and the Riemannian index of 7 coincide. In other words: 

(4.2) /-*(/(7))=dimS,. 

Proof. By (|4.ip we have L+(7fc) < i(7fc) for 7^ any loop in B-^ (or fiG), where L 
is the Riemmanian length functional on J7G. Since ^"''(7) = Lil), the first part of 
the theorem will follow if the restriction of L to B^ is Morse at 7. This is intuitively 
clear as the restriction of the energy functional E to B^ is Morse at 7 since i? is a 
Morse-Bott function on ilG. Here are the details. Let jt be a smooth variation of 
7 = 7o in B^. Applying Cauchy-Schwarz inequality, 

b fb pb 

2 ^ / / f2jQ\/ / „2 



(/ f9der<{ rde){ gUe), 

J a J a J a 

with f[e) = 1 and g{e) = ||^|e7*(^)ll, we get 

since 7 is parametrized from to 1. Both sides are the same for i = 0, (since 7 is 
a geodesic and so parametrized by arclength) and the derivatives of both sides are 
at t = since 7 is critical for both L and E. It follows that 

^|oL(70^ = 2L(7)4|oL(70<^|oi^<0, 

and so 

^Ioi(70<0. 

We now prove the second part of the theorem. Let 7 be generic and ^ the 
corresponding element in q. In order to compute /^"^*(/o7) we need to understand 
the weights of the coadjoint action of 7 on the tangent space TpO^, where p is the 
maximal fixed point p —< • >. Since the maps Ad*g are linear, this action can 
be identified with the action of 7 on a subspace of Tog* = g*. Moreover, under 
the identification of q* with g using the Ad- invariant inner product <, > on g the 
coadjoint action by Ad*g on g* corresponds to the adjoint action by Adg-i on g and 
so the coadjoint action of 7 on g* corresponds to the adjoint action of 7^^ on g. 
More specifically, we want the adjoint action on a certain subspace of Tp C g which 
corresponds under all these identifications to TpO^. In fact this subspace can be 
determined synthetically as follows. Write 



(4.3) = t©0, 



14 



YASHA SAVELYEV 



where t is the maximal Abehan subalgebra of q containing ^ and Qa is a subspace 
of g on which 7^^ is acting by e"^'^*^. (So that t corresponds to a = 0.) Now, Tp is 
invariant under the adjoint action of 7"^ and all the weights a are necessarily non 
zero on Tp and are negative. The latter is due to the fact that the function on 
is Morse at its maximum p, which together with our convention Xh = — JgradiJ 
implies that the weights are negative. The subspace Tp must then simply be 

a 

The virtual index is then by definition 

E2|«|-2. 

a 

Using the index theorem in Riemannian geometry one can show that this is the 
Riemannian index of the geodesic 7 of G, see for example proof of Bott periodicity, 
[ni Section 23]. □ 

Corollary 4.2. Let G be a semi simple Lie group and 7 a generic subgroup. 
Then the pseudocycles f oh: — )■ Q.Ham{G /T) satisfy the hypothesis of Theorem 
El 

Remark 4.3. Strictly speaking the map ^ in Theorem 1.2 is only defined here and 
in [16j on cycles f : B D.Ham{M , uj), where B is a closed smooth manifold. How- 
ever there is no essential difficulty in extending this to appropriate pseudocycles. 
The details of this will be given in a more general context in the upcoming paper 
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